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We describe the practical implementation of the sideband search, a search for periodic gravitational waves
from neutron stars in binary systems. The orbital motion of the source in its binary system causes frequency-
modulation in the combination of matched filters known as the F -statistic. The sideband search is based on
the incoherent summation of these frequency-modulated F -statistic sidebands. It provides a new detection
statistic for sources in binary systems, called the C-statistic. The search is well suited to low-mass X-ray
binaries, the brightest of which, called Sco X-1, is an ideal target candidate. For sources like Sco X-1, with
well constrained orbital parameters, a slight variation on the search is possible. The extra orbital information
can be used to approximately demodulate the data from the binary orbital motion in the coherent stage, before
incoherently summing the now reduced number of sidebands. We investigate this approach and show that it
improves the sensitivity of the standard Sco X-1 directed sideband search. Prior information on the neutron
star inclination and gravitational wave polarization can also be used to improve upper limit sensitivity. We
estimate the sensitivity of a Sco X-1 directed sideband search on 10 days of LIGO data and show that it can
beat previous upper limits in current LIGO data, with a possibility of constraining theoretical upper limits using
future advanced instruments.
PACS numbers: 95.85.Sz, 97.60.Jd, 97.80.Jp
I. INTRODUCTION
Rotating neutron stars are the main candidates for sources
of persistent, periodic gravitational radiation detectable by
ground-based, long-baseline gravitational wave interferom-
eters. Time varying quadrupole moments in (and thus
gravitational-wave emission from) these sources can result
from deformations of the solid crust (and possibly a solid
core) supported by elastic stresses [1–6], deformations of var-
ious parts of the star supported by magnetic stresses [7–12],
or free precession [13, 14] or long-lived oscillation modes of
the entire star [15–19].
Neutron stars in accreting binary systems are an important
sub-class of periodic gravitational wave sources. Accretion
may trigger or enhance the aforementioned gravitational-wave
emission mechanisms, creating or driving the quadrupole mo-
ment toward its maximum value through thermal, magnetic, or
other effects [1, 16, 20–24]. If a balance is assumed between
the gravitational radiation-reaction torque and the accretion
torque [1, 25, 26], then the strongest emitters of continuous
gravitational waves are predicted to be sources in low-mass
X-ray binaries (LMXBs), specifically those accreting at the
highest rate [27, 28].
Given the estimated ages (∼1010 yrs) and observed accre-
tion rates of LMXBs (reaching near the Eddington limit of
∗Electronic address: lsammut@student.unimelb.edu.au
M˙Edd = 2 × 10−8Myr−1), accretion is expected to spin-up the
neutron star beyond the breakup frequency (∼1.5 kHz for stan-
dard neutron star equations-of-state [29, 30]). However, mea-
sured spin frequencies of LMXB neutron stars (from X-ray
pulsations or thermonuclear bursts) so far range only from 95
to 619 Hz [28, 31–33]. The spin frequency cut-off lies well be-
low breakup, and suggests the existence of a spin-down torque
to balance the spin-up from accretion. A possible explanation,
proposed by Papaloizou and Pringle [25] and advanced by
Wagoner [26] and Bildsten [1], is gravitational radiation. The
torque-balance scenario implies a relation between the X-ray
flux, spin frequency and gravitational wave strain; the more
luminous the X-ray source, the greater the strain. Scorpius
X-1 (Sco X-1), the brightest LMXB, is therefore a promising
target for periodic gravitational wave searches.
The global network of kilometer-scale, Michelson-type
laser interferometers are sensitive to gravitational waves in the
O(10 − 1000) Hz frequency band. The Laser Interferometer
Gravitational-Wave Observatory (LIGO) detectors achieved
design sensitivity during the fifth science run (S5), between
November 2005 and October 2007 [34, 35]. LIGO consists
of three Michelson interferometers (one with 4 km arms at
Livingston, Louisiana, and two co-located at Hanford, Wash-
ington, with 4 km and 2 km arms) separated by ∼3000 km.
Together the LIGO [36], Virgo [37, 38] and GEO600 [39, 40]
detectors form a world-wide network of broad-band interfero-
metric gravitational wave observatories in an international ef-
fort to directly detect gravitational wave emission for the first
time.
The LIGO Scientific Collaboration has so far published
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2three main types of searches for periodic or continuous
gravitational wave emission; targeted, directed and all-sky
searches. Targeted searches are the most sensitive since they
have the most tightly constrained parameter space. They tar-
get known sources, such as radio pulsars, with very well-
constrained sky position, spin frequency and frequency evo-
lution, and binary parameters (if any). These searches are
fully-coherent, requiring accurately known prior phase infor-
mation, making them computationally expensive to perform
over large regions of parameter space [41–43]. Targeted LIGO
and Virgo searches have already set astrophysically interesting
upper limits (e.g. beating theoretical indirect limits) on some
pulsar parameters such as the gravitational wave strain from
the Crab pulsar [43, 44] and the Vela pulsar [45]. Directed
searches aim at a particular sky location but search for un-
known frequency (and/or frequency evolution). In most cases
so far, directed searches have used a fully-coherent approach
and approached the limits of computational feasibility. The
search directed at the (possible) neutron star in the direction of
the supernova remnant Cassiopeia A was able to beat indirect
limits [46]. The third type of continuous gravitational wave
search, the wide parameter-space searches, are also computa-
tionally intensive. They can involve searching over the entire
sky or any comparably large parameter space, and usually em-
ploy semi-coherent approaches, combining short coherently
analyzed segments in an incoherent manner. This process is
tuned to balance the trade-off between reduced computational
load and reduced sensitivity. The all-sky searches presented
in [47–51] target isolated neutron star sources (i.e. those not
in binary systems). There is also an all-sky search for neutron
stars in binary systems currently being run on LIGO’s latest
S6 data run [52].
Directed searches can also be made for known accreting
neutron stars in binaries, and LIGO has previously conducted
two of these searches for Sco X-1. The first, a coherent analy-
sis using data from the second science run (S2), was computa-
tionally limited to the analysis of six-hour data segments from
the LIGO interferometers, and placed 95% upper limits on the
wave strain of h95%0 ≈ 2 × 10−22 for two different 20 Hz bands
[53]. This search utilized a maximum likelihood detection
statistic based on matched filtering called the F -statistic [54].
The second, a directed version of the all-sky, stochastic, cross-
correlation analysis, known as the “Radiometer” search, was
first conducted on all 20 days of data from the S4 science run
[55], and later on the ∼2 year S5 data reporting a 90% upper
limit on the root-mean-square (RMS) strain h90%rms > 5 × 10−25
(over the range 40 – 1500 Hz, with the minimum around 150
Hz) [56].
Semi-coherent search methods provide a compromise be-
tween sensitivity and the computational cost of a fully coher-
ent search. They should be the most sensitive at fixed com-
puting cost [57, 58]. A fast and robust search strategy for
the detection of signals from binary systems in gravitational
wave data was proposed in [59]. The signal from a source in
a binary system is phase- (or frequency-) modulated due its
periodic orbital motion, forming “sidebands” in the gravita-
tional wave frequency spectrum. In searching detector data,
this technique, called the sideband search, uses the same co-
herent (F -statistic) stage as the previous coherent (S2) search.
It then combines the frequency-modulated sidebands arising
in F -statistic data in a (computationally inexpensive) incoher-
ent stage, reducing the need for a large template bank. This
approach is based on a method that has successfully been em-
ployed in searches for binary pulsars in radio data [60].
Here we develop this sideband technique into a search
pipeline and present a detailed description of how it is ap-
plied to gravitational wave detector data, as well as the ex-
pected sensitivity. The paper is set out as follows. Section
II briefly describes the astrophysics of LMXBs and their pre-
dicted gravitational wave signature. The search algorithm is
described in detail in Section III. Section IV outlines the pa-
rameter space of the search allowing primary sources to be
identified in Section V. The statistical analysis of the results
of the search is described in Section VI, along with a defini-
tion of the upper limits of the search. The sensitivity of the
search is discussed in Section VII. A brief summary is pro-
vided in Section VIII, with a discussion of the limitations and
future prospects of the search.
II. LOWMASS X-RAY BINARIES
LMXBs are stellar systems where a low-magnetic-field
(. 109 G) compact object (primary) accretes matter from a
lower-mass (secondary) companion (< 1M) [27, 61]. The
compact objects in LMXB systems can be black holes, neu-
tron stars or white dwarfs. For gravitational wave emission
we are interested in LMXBs with neutron stars as the primary
mass (typically ∼ 1.4M), since neutron stars can sustain the
largest quadrupole moment.
Observations of thermal X-ray emission from the inner re-
gion of the accretion disk provide a measurement of the accre-
tion rates in LMXBs. The range of observed accretions rates
is broad, ranging from 10−11Myr−1 to the Eddington limit,
M˙Edd = 2 × 10−8Myr−1 [30]. Some LMXBs also exhibit
periodic pulsations or burst type behavior, and so provide a
means of measuring the spin frequency νs of the neutron star
in the system. The measured νs of these systems lie in the
range of 95 ≤ νs ≤ 619 Hz [31–33]. The broad range of ac-
cretion rates coupled with the estimated age of these systems
(∼1010 years implied by evolutionary models [30, 62]) would
suggest a greater upper limit on observed spin frequency since
accretion exerts substantial torque on the neutron star. How-
ever, none of these systems have yet been observed to spin
at or near the breakup frequency vb∼1.5 kHz (vb & 1 kHz
for most equations of state [29, 30]). The maximum observed
spin frequency falls far below the theorized breakup frequency
and suggests a competing (damping) mechanism to the spin-
up caused by accretion. One explanation for the observed
spin frequency distribution of LMXBs is that the spin-up from
the accretion torque is balanced by a gravitational wave spin-
down torque [1, 26]. Since the gravitational wave spin-down
torque scales like ν5s (see Eq. 3 below), a wide range of accre-
tion rates then leads to a rather narrow range of equilibrium
rotation rates, as observed.
3A. Gravitational wave emission
Using the torque balancing argument from Wagoner [26]
and Bildsten [1], we can estimate the gravitational wave strain
amplitude emitted from accreting binary systems from their
observable X-ray flux. This is a conservative upper limit as it
assumes all angular momentum gained from accretion is com-
pletely converted into gravitational radiation.
The intrinsic strain amplitude h0 for a system with angular
spin frequency Ωs = 2piνs at a distance d from an observer
emitting gravitational waves via a mass quadrupole can be ex-
pressed as
h0 =
4GQ
c4d
Ω2s , (1)
where G is the gravitational constant, c is the speed of light
and the quadrupole moment Q = I is a function of the ellip-
ticity  and moment of inertia I [54]. This can be expressed in
terms of the spin-down (damping) torque NGW due to gravita-
tional radiation giving
h20 =
5G
8c3d2Ω2s
NGW, (2)
where
NGW =
32GQ2
5c5
Ω5s . (3)
The accretion torque Na applied to a neutron star of mass M
and radius R accreting at a rate M˙ is given by
Na = M˙
√
GMR. (4)
Assuming that the X-ray luminosity can be written as LX =
GMM˙/R, the accretion rate M˙ can be expressed as a function
of the X-ray flux FX, such that
M˙ =
4piRd2
GM
FX, (5)
since LX = 4pid2FX. In equilibrium, where gravitational radi-
ation balances accretion torque, NGW = Na. The square of the
gravitational wave strain from Eq. 6 can then be expressed in
terms of the observable X-ray flux such that
h20 =
5
3
FX
νs
(
GR3
M
)1/2
. (6)
Selecting fiducial values for the neutron star mass, radius, X-
ray flux, and spin frequency (around the middle of the ob-
served range), we can express the equilibrium strain upper
limit hEQ0 in terms of νs and FX via
hEQ0 = 5.5 × 10−27
(
Fx
F∗
)1/2 ( R
10km
)3/4 (1.4M
M
)1/4 (300Hz
νs
)1/2
,
(7)
where F∗ = 10−8 erg cm−2 s−1. If the system emits gravita-
tional waves via current quadrupole radiation instead, as is
the case with r-mode oscillations, the relation between grav-
itational wave frequency and spin frequency differs. In this
case the preceding equations are modified slightly, requiring
roughly νs → (2/3)νs [63]. However these expressions, and
the rest of the analysis except where otherwise noted, do not
change if expressed in terms of the gravitational-wave fre-
quency.
The resulting relation in Eq. 7 implies that LMXBs that ac-
crete close to the Eddington limit are potentially strong grav-
itational wave emitters. Of these potentially strong sources,
Sco X-1 is the most promising due to its observed X-ray flux
[28].
III. SEARCH ALGORITHM
In this section we define our detection statistic and show
how it exploits the characteristic frequency-modulation pat-
tern inherent to sources in binary systems.
Fully-coherent, matched-filter searches for continuous
gravitational waves can be described as a procedure that max-
imizes the likelihood function over a parameter space. The
amplitude parameters (gravitational wave strain amplitude h0,
inclination ι, polarization ψ and reference phase φ0) can, in
general, be analytically maximized, reducing the dimensions
of this parameter space [54]. These parameters define the
signal amplitudes in our signal model. Analytic maximization
leaves the phase-evolution parameters (gravitational wave fre-
quency f0 and its derivatives f (k) and sky position [α, δ]) to be
numerically maximized over. Numerical maximization is ac-
complished through a scheme of repeated matched-filtering
performed over a template bank of trial waveforms defined
by specific locations in the phase parameter space, which is
typically highly computationally expensive [28, 41, 53].
The method we outline here makes use of the fact that we
know the sky position of our potential sources and, hence, the
phase evolution due to the motion of the detector can be accu-
rately accounted for. We also know that the phase evolution
due to the binary motion of the source will result in a specific
distribution of signal power in the frequency domain. This
distribution has the characteristics that signal power is divided
amongst a finite set of frequency-modulation sidebands. The
number of sidebands and their relative frequency spacing can
be predicted with some knowledge of the binary orbital pa-
rameters.
In order to avoid the computational limits imposed by a
fully-coherent parameter space search, we propose a single
fully-coherent analysis stage, that accounts for detector mo-
tion only, is followed by a single incoherent stage in which
the signal power contained within the frequency-modulated
sidebands in summed to form a new detection statistic. This
summing procedure is accomplished via the convolution of an
approximate frequency domain power template with the out-
put of the coherent stage.
The three main stages of the search, the F -statistic, side-
band template, and C-statistic, are graphically illustrated
in Figure 1. In this noise-free example, the frequency-
modulation sidebands are clearly visible. The F -statistic
4is also amplitude-modulated due to the daily variation of
the detector antenna response, resulting in the amplitude-
modulation applied to each frequency-modulation sideband.
The second panel represents the approximate frequency do-
main template, a flat comb function with unit amplitude teeth
(the spikes or delta functions). When convolved with the
F -statistic in the frequency domain we obtain the C-statistic
shown in the right-hand panel. The maximum power is clearly
recovered at the simulated source frequency.
The following sub-sections discuss each of the search com-
ponents in more detail. Section III A presents the phase
model used to characterize the gravitational wave signal from
a source in a binary system. The signal model is introduced
in Sec. III B. The F -statistic is introduced in Section III C and
its behavior as a function of search frequency is described in
Sec. III D. Section III E then goes on to describe how match-
ing a filter for an isolated neutron star system to a signal from a
source in a binary system results in frequency-modulated side-
bands appearing in the output of the F -statistic. The detec-
tion statistic for gravitational wave sources in binary orbits is
fully described as the incoherent sum of frequency-modulated
F -statistics in Sec. III F. The simplest, unit amplitude, side-
band template, and its justification over a more realistic tem-
plate, are discussed in Sec. III G. A more sensitive implemen-
tation, incorporating an approximate binary phase model in
the calculation of the F -statistic and reducing the width of the
frequency-modulated sideband pattern by the fractional errors
on the semi-major axis parameters, is discussed in Sec. III H.
Beginning in this section and continuing in the following sec-
tions, we have made a distinction between the intrinsic values
of a search parameter θ0 (denoted with a subscript zero) and
the observed values θ (no subscripts).
A. Phase model
The phase of the signal at the source can be modeled by a
Taylor series such that
Φ(τ) = 2pi
s∑
k=0
f (k)
(k + 1)!
(τ − τ0)k+1, (8)
where f (k) represents the kth time derivative of the gravita-
tional wave frequency evaluated at reference time τ0. For the
purposes of this work we restrict ourselves to a monochro-
matic signal and hence set f (k) = 0 for all k > 0 and define
f0 = f (0)|τ0 = f (τ0) as the intrinsic frequency. We discuss
this choice in Sec. IV B. The phase received at the detector
is Φ[τ(t(t′))], where we define the retarded times measured
at the Solar system barycenter (SSB) and detector as t and t′
respectively. The relation between t and t′ is a function of
source sky position relative to detector location and, since we
only concern ourselves with sources of known sky position,
we assume that the effects of phase contributions from detec-
tor motion can be exactly accounted for. For this reason we
work directly within the SSB frame. The relationship between
the source and retarded times for a non-relativistic eccentric
binary orbit is given by [64]
t = τ + a0
[√
1 − e2 cosω sin E + sinω (cos E − e)
]
, (9)
where a0 is the light crossing time of the semi-major axis pro-
jected along the line of sight. The orbital eccentricity is de-
fined by e and the argument of periapse, given by ω, is the
angle in the orbital plane from the ascending node to the di-
rection of periapse. The variable E is the eccentric anomaly
defined by 2pi(τ − tp)/P = E − e sin E, where tp is the time of
passage through periapse (the point in the orbit where the two
bodies are at their closest) and P is the orbital period.
It is expected that dissipative processes within LMXBs
drive the orbits to near circularity. In the low eccentricity limit
e  1, we obtain the following expression
t = τ + a0
{
sin [Ω(τ − ta)] + e cosω2 sin
[
2Ω(τ − tp)]
+
e sinω
2
cos
[
2Ω(τ − tp)]} + O(e2)} , (10)
where Ω = 2pi/P and we have used the time of passage
through the ascending node ta = tp − ω/Ω as our reference
phase in the first term. For circular orbits, where e = 0, the
expression reduces to only this first term. Using ta is sensible
in this case since tp and ω, are not defined in a circular orbit.
Note that the additional eccentric terms are periodic at multi-
ples of twice the orbital frequency. Using Eq. 10, we would
expect to accumulate timing errors of order µs for the most ec-
centric known LMXB systems. We shall return to this feature
in Sec. IV E.
To write the gravitational wave phase as a function of SSB
time, we invert Eq. 10 to obtain τ(t). The binary phase can
be corrected for in a standard matched filter approach, where
Eq. 9 is solved numerically. In our method we instead approx-
imate the inversion as
Φ(t) ' 2pi f0(t − t0) − 2pi f0a0 sin [Ω(t − ta)] (11)
for circular orbits.1 Under this approximation the signal phase
can be represented as a linear combination of the phase con-
tributions from the spin of the neutron star φspin and from the
binary orbital motion of the source φbin, such that
φspin = 2pi f0(t − t0), (12a)
φbin = −2pi f0a0 sin [Ω(t − ta)] . (12b)
B. Signal model
We model the data x(t) collected by a detector located at
the SSB as the signal s(t) plus stationary Gaussian noise n(t)
so that
x(t) = s(t) + n(t) (13)
1 Phase errors caused by this inversion approximation amount to maximum
phase offsets of ∼ 2pi f0a20Ω.
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FIG. 1: Graphical illustration of the sideband search pipeline, showing the frequency-modulated F -statistic
(left, red), the sideband template (middle, black), and their convolution, known as the C-statistic (right,
blue). In this noise free case, a signal of f0 = 200 Hz with amplitude h0 = 1 in a system with a = 0.005 s,
P = 7912.7 s, sky position ↵ = 2.0 rad,   = 1.0 rad, and phase parameters  = 0.2 rad, cos ◆ = 0.5,  0 = 1
rad, was simulated for a 10 day observation span. Frequency increases along the horizontal axis, which
ranges from 199.998 to 200.002 Hz on each plot. In each case the location of the injected signal at 200 Hz
is indicated by the vertical dashed black line.
presents the phase model used to characterize the gravitational wave signal from a source in a
binary system. The signal model is introduced in Sec. III B. The F -statistic is introduced in Sec-
tion III C and its behavior as a function of search frequency is described in Sec. III D. Section III E
then goes on to describe how matching a filter for an isolated neutron star system to a signal from
a source in a binary system results in frequency-modulated sidebands appearing in the output of
the F -statistic. The detection statistic for gravitational wave sources in binary orbits is fully de-
scribed as the incoherent sum of frequency-modulated F -statistics in Sec. III F. The simplest, unit
amplitude, sideband template, and its justification over a more realistic template, are discussed in
Sec. III G. A more sensitive implementation, incorporating an approximate binary phase model
in the calculation of the F -statistic and reducing the width of the frequency-modulated sideband
pattern by the fractional errors on the semi-major axis parameters, is discussed in Sec. III H. Begin-
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the intrinsic values of a search parameter ✓0 (denoted with a subscript zero) and the observed values
✓ (no subscripts).
9
FIG. 1: Graphical illustration of the sideband search pipeline, showing the frequency-modulated F -statistic (left, red), the sideband template
(middle, black), and their convolution, known as the C-statistic (right, blue). In this noise free case, a signal of f0 = 200 Hz with amplitude
h0 = 1 in a system with a = 0.005 s, P = 7912.7 s, sky position α = 2.0 rad, δ = 1.0 rad, and phase parameters ψ = 0.2 rad, cos ι = 0.5, φ0 = 1
rad, was simulated for a 10 day observation span. Frequency increases along the horizontal axis, which ranges from 199.998 to 200.002 Hz on
each plot. In each case the location of the injected signal at 200 Hz is indicated by the vertical dashed black line.
with
s(t) = Aµhµ(t), (14)
where we employ the Einstein summation convention for
µ = 1, 2, 3, 4. The coefficients Aµ are independent of time,
detector location and orientation. They depend only on the
sig al amplitude parameters λ = {h0, ψ, ι, φ0}, where h0 is
the dimensionless gravitational wave strain amplitude, ψ is the
gravitational wave polarization angle, ι is the source inclina-
tion angle and φ0 is the signal phase at a fiducial reference
time. The coefficientsAµ are defined as
A1 = A+ cos φ0 cos 2ψ − A× sin φ0 sin 2ψ (15a)
A2 = A+ cos φ0 sin 2ψ − A× sin φ0 cos 2ψ (15b)
A3 = A+ sin φ0 cos 2ψ − A× cos φ0 sin 2ψ (15c)
A4 = A+ sin φ0 sin 2ψ − A× cos φ0 cos 2ψ (15d)
where
A+ = 12h0(1 + cos
2 ι) , A× = h0 cos ι (16)
are the polarization amplitudes. The time dependent signal
components hµ(t) are defined as
h1 = a(t) cos Φ(t), h2 = b(t) cos Φ(t),
h3 = a(t) sin Φ(t), h4 = b(t) sin Φ(t),
(17)
where Φ(t) is the signal phase at the detector (which we model
as located at the SSB) given by Eq.11 and the antenna pattern
functions a(t) and b(t) are described by Eqs. (12) and (13)
in [54].
C. F -statistic
The F -statistic is a matched-filter based detection statistic
derived via analytic maximization of the likelihood over un-
known amplitude parameters [54]. Let us first introduce the
multi-detector inner product
(x|y) =
∑
X
(xX |yX) =
∑
X
2
S X( f )
∞∫
−∞
wX(t) xX(t)yX(t) dt, (18)
where X indexes each detector and S X( f ) is the detector
single-sided noise spectral density. We modify the definitions
of [54] and [65] to explicitly include gaps in the time-series by
introducing the function wX(t) which has value 1 when data is
present and 0 otherwise. This also allows us to extend the lim-
its of our time integration to (−∞,∞) since the window func-
tion will naturally account for the volume and span of data for
each detector.
The F -statistic itself is defined as
2F = xµMµνxν, (19)
whereMµν form the matrix inverse ofMµν and we follow the
shorthand notation of [65] defining xµ ≡ (x|hµ) and Mµν ≡
(hµ|hν). Evaluation ofM leads to a matrix of the form
M = 1
2
( C 0
0 C
)
, where C =
(
A C
C B
)
(20)
where the components
A = (a|a), B = (b|b), C = (a|b), (21)
are antenna pattern integrals. For a waveform with exactly
known phase evolution Φ(t) in Gaussian noise, the F -statistic
is a random variable distributed according to a non-central χ2-
distribution with 4 degrees of freedom. The non-centrality
parameter is equal to the optimal signal-to-noise ratio (SNR)
ρ20 =
1
2
[
A(A21 +A23) + B(A22 +A24) + 2C(A1A2 +A3A4)
]
(22)
6such that the expectation value and variance of 2F are given
by
E[2F ] = 4 + ρ20 (23a)
Var[2F ] = 8 + 4ρ20 , (23b)
respectively. In the case where no signal is present in the data,
the distribution becomes a central χ2-distribution with 4 de-
grees of freedom.
D. F -statistic and mismatched frequency
In this section we describe the behavior of the F -statistic as
a function of search frequency f for a fixed source frequency
f0. In this case the inner product that defines xµ becomes
xµ = Aν(hν|hµ′) + (n|hµ′), (24)
where hν are the components of a signal with frequency f0,
and h′µ is a function of search frequency f . If we focus on the
µ = ν = 1 component as an example we find that
(h1|h1′) 
∑
X
2
S X( f )
∞∫
−∞
wX(t) a2X(t) cos (2pi f t) cos (2pi f0t) dt
(25)
where we note that the product of cosine functions results in
an integrand that contains frequencies at f− f0 and f+ f0. Since
both aX(t) and wX(t) are functions that evolve on timescales of
hours–days we approximate the contribution from the f + f0
component as averaging to zero. We are left with
(h1|h1′)  Re
12 ∑
X
2
S X( f )
∞∫
0
wX(t) a2X(t)e
−2pii( f− f0)tdt


1
2
∑
X
Re
[
AX( f − f0)] (26)
where we have defined the result of the complex integral as
AX( f ). This is the Fourier transform of the antenna pattern
functions weighted by the window function and evaluated at
f − f0. It is equal to the quantity (aX |aX) when its argument is
zero.
The quantity a2X(t) (and similarly b
2
X(t) and aX(t)bX(t)) are
periodic quantities with periods of 12 and 24 hours plus a
non-oscillating component. When in a product with a sinu-
soidal function and integrated over time they will result in
discrete amplitude-modulated sidebands with frequencies at
0,±1/P⊕,±2/P⊕,±3/P⊕,±4/P⊕ Hz where P⊕ represents the
orbital period of the Earth (1 sidereal day). We will ignore
all but the zero-frequency components of these functions for
the remainder of this paper. We do note that complications
regarding the overlap of amplitude-modulated and frequency-
modulated sidebands (discussed in the next section) will only
arise for sources in binary orbits with periods equal to those
present in the antenna pattern functions.
In addition, the window function describing the gaps in the
data will influence AX( f ). For a gap-free observation the win-
dow function serves to localize signal power to within a fre-
quency range ∼ 1/T where T is the typical observation length.
When gaps are present this range is broadened and has a de-
terministic shape given by the squared modulus of the Fourier
transform of the window function. We can therefore use a
further approximation that
AX( f − f0) ≈ (aX |aX) w˜X( f − f0)w˜X(0) (27)
where the Fourier transform of the window function is nor-
malized by w˜X(0) ≡
∫
dtwX(t) such that it has a value of unity
at the true signal frequency.
We now define the antenna-pattern weighted window func-
tion as
W˜( f − f0) 
∑
X
(aX |aX)
A
w˜X( f − f0)
w˜X(0)
(28a)

∑
X
(bX |bX)
B
w˜X( f − f0)
w˜X(0)
(28b)

∑
X
(aX |bX)
C
w˜X( f − f0)
w˜X(0)
, (28c)
which is true for observation times TX  days. This complex
window function has the property that W˜(0) is a real quan-
tity with maximum absolute value of unity when the template
frequency matches the true signal frequency.
Finally we are able to combine Eqs. 26, 27, and 28 to obtain
(h1|h1′)  A2 Re
[
W˜( f − f0)
]
(29)
which together with similar calculations for the additional
components in Eq. 24 give us
(hν|hµ′)  M2
{(
I 0
0 I
)
Re
[
W˜( f − f0)
]
+
(
0 I
−I 0
)
Im
[
W˜( f − f0)
]}
(30)
as the complete set of inner products between frequency-
mismatched signal components where I is the 2 × 2 identity
matrix. Note that when f = f0 this expression reduces to
Eq. 19.
If we now form the expectation value of the F -statistic
(Eq. 19) for mismatched frequencies we find that
E[2F ( f )] = 4 + ρ20 |W˜( f − f0)|2. (31)
Here we see that the fraction of the optimal SNR that con-
tributes to the non-centrality parameter of the F -statistic χ2
distribution is reduced by evaluation of the mod-squared of
the antenna-pattern weighted window function with a non-
zero argument.
E. Frequency-modulation and the F -statistic
We now consider the computation of the F -statistic in the
case where the data contains a signal from a source in a cir-
cular binary orbit but the phase model used in the F -statistic
7template is that of a monochromatic signal of frequency f . We
again expand xµ as done in Eq. 24 where no prime indicates
the signal and the prime represents the monochromatic tem-
plate. We again focus on the mismatched signal inner-product
(h1|h1′) as an example. Starting with Eq. 25 we discard the
rapidly oscillating terms inside the integral that will average
to zero. We are then left with
(h1|h1′)  12
∑
X
Re
{
2
S X( f )
∞∫
0
wx(t)a2X(t)e
−2piit( f− f0)
exp (−2pi f0a0 sin (Ω(t − ta)))
}
(32)
where the final term involving the exponential of a sinusoidal
function can be represented using the Jacobi-Anger expansion
eiz sin θ =
∞∑
n=−∞
Jn(z)einθ, (33)
where Jn(z) is the nth order Bessel function of the first kind.
This expansion allows us to transform the binary phase term
into an infinite sum of harmonics such that we can now write
(h1|h1′) 
∞∑
n=−∞
Jn(2pi f0a0)
×Re
{
eiφn
2
∑
X
2
S X( f )
∞∫
0
wX(t)a2X(t)e
−2piit( f− fn)dt
}

∞∑
n=−∞
Jn(2pi f0a0)
A
2
Re
{
W˜( f − fn)eiφn
}
(34)
It follows that all of the signal components can be expanded
in the same way giving us
(hν|hµ′)  M2
m0∑
n=−m0
Jn(2pi f0a0)
{(
I 0
0 I
)
Re
[
W˜( f − fn)eiφn
]
+
(
0 I
−I 0
)
Im
[
W˜( f − fn)eiφn
]}
(35)
where we have truncated the infinite summation (explained
below) and defined the monochromatic modulated sideband
frequencies and their respective phases as
fn = f0 − n/P0 , (36a)
φn = nΩta . (36b)
The Jacobi-Anger expansion has allowed us to represent the
complex phase of a frequency-modulated signal as an infinite
sum of discrete signal harmonics, or sidebands, each sepa-
rated in frequency by 1/P0 Hz. Each is weighted by the Bessel
function of order n where n indexes the harmonics and has a
complex phase factor determined by the orbital reference time
ta. In the limit where the order exceeds the argument, n  z,
the Bessel function rapidly approaches zero allowing approx-
imation of the infinite sum in Eqs. 33 and 34 as a finite sum
over the finite range [−m0,m0] where m0 = ceil[2pi f0a0]. The
summation format of Eq. 35 highlights the effects of the bi-
nary phase modulation. The signal can be represented as the
sum of M0 = 2m0 +1 discrete harmonics at frequencies fn cen-
tered on the intrinsic frequency f0, where each harmonic peak
is separated from the next by 1/P0 Hz.
Combining Eqs. 19, 24, and 35, we can express the expec-
tation value of the F -statistic for a binary signal as a function
of search frequency f as
E[2F ( f )] = 4 + ρ20
m0∑
n=−m0
J2n(2pi f0a0)|W˜( f − fn)|2. (37)
This expression should be interpreted in the following man-
ner. For a given search frequency f the contribution to the
non-centrality parameter (the SNR dependent term) is equal to
the sum of all sideband contributions at that frequency. Each
sideband will contribute a fraction of the total optimal SNR
weighted by the nth order Bessel function squared, but will
also be strongly weighted by the window function. The win-
dow function will only contribute significantly if the search
frequency is close to the sideband frequency. Hence, at a given
search frequency close to a sideband, for observation times
 P, the sidebands will be far enough separated in frequency
such that only one sideband will contribute to the F -statistic.
F. C-statistic
The F -statistic is numerically maximized over the phase
parameters of the signal on a discrete grids. For this search
the search frequency f is such a parameter and consequently
the F -statistic is computed over a uniformly spaced set of fre-
quency values f j spanning the region of interest. In this sec-
tion we describe how this F -statistic frequency-series can be
used to approximate a search template that is then used to gen-
erate a new statistic sensitive to signals from sources in binary
systems.
The expectation value of the F -statistic (Eq. 37) resolves
into localized spikes at M0 frequencies separated by 1/P0 Hz
and centered on the intrinsic gravitational wave frequency f0.
A template T based on this pattern with amplitude defined by
Gn, takes the general form
T ( f ) =
m′∑
n=−m′
Gn|W˜ ( f − f ′n) |2 , (38)
with m′ = ceil[2pi f a′] and f ′n = f ′0 − n/P′ where we make
a distinction between the intrinsic (unknown) values of each
parameter (subscript zero) and values selected in the template
construction (denoted with a prime). The window function W˜
is dependent only on the times for which data is present and
is, therefore, also known exactly.
We define our new detection statistic C as
C( f ) ≡
∑
j
2F ( f j)T ( f j − f )
= (2F ∗ T ) ( f ), (39)
8where the sum over the index j indicates the sum over the dis-
crete frequency bins f j and f is the search frequency. Since
the template’s “zero frequency” represents the intrinsic grav-
itational wave frequency, f corresponds to the intrinsic fre-
quency. We see that the C-statistic is, in fact, the convolution
of the F -statistic with our template, assuming the template
is constant with search frequency (an issue we address in the
next section).
The benefit of this approach is that the computation of the
F -statistic for a known sky position and without accounting
for binary effects has relatively low computational cost. Simi-
larly, the construction of a template on the F -statistic is in-
dependent of the orbital phase parameter and only weakly
dependent upon the orbital semi-major axis and eccentric-
ity. The template is highly dependent upon the orbital period,
which, for the sources of interest, is known to high precision.
Also, since the C-statistic is the result of a convolution, we
can make use of the convolution theorem and the speed of the
Fast-Fourier-Transform (FFT). Computing C for all frequen-
cies requires only three applications of the FFT. In practice,
the C-statistic is computed using
C( fk) = (2F ∗ T ) ( fk)
=
N−1∑
j=0
e2pii jk/N
N−1∑
p=0
e−2piip j/N2F ( fp)

N−1∑
q=0
e−2pii jq/NT ( fq)
 ,
(40)
which is simply the inverse Fourier transform of the product
of the Fourier transforms of the F -statistic and the template.
The F -statistic and the template are both sampled on the same
uniform frequency grid containing N frequency bins. The C-
statistic is then also output as a function of the same frequency
grid.
G. Choice of F -statistic template
Treating the F -statistic as the pre-processed input dataset
to the C-statistic computation, it might be assumed that the
optimal choice of template is that which exactly matches the
expected form of 2F in the presence of a signal. As shown in
Fig. 2, this approach is highly sensitive to the accuracy with
which the projected orbital semi-major axis is known.
We instead propose the use of a far simpler template: one
that captures the majority of the information contained within
the F -statistic and, by design, is relatively insensitive to the
orbital semi-major axis. We explicitly choose
TF( fk) =
m∑
j=−m
δk l[ j] , (41)
for discrete frequency fk, where δi j is the Kronecker delta-
function. The frequency index l, defined by,
l[ j] ≡ round
[
j
P′d f
]
, (42)
is a function of the best-guess orbital period P′ and the fre-
quency resolution d f . The round[] function returns the inte-
ger closest to its argument. The template is therefore com-
posed of the sum of M = 2m + 1 unit amplitude “spikes”
positioned at discrete frequency bins closest to the predicted
locations of the frequency-modulated sidebands (relative to
the intrinsic gravitational wave frequency). The subscript F
refers to the constant amplitude, “Flat” template.
If we now convolve this template with the frequency-
modulated F -statistic we obtain the corresponding C-statistic,
which reduces to
C( fk) =
m∑
j=−m
2F ( fk−l[ j] ) . (43)
Equation 43 is simply the sum of 2F values taken from dis-
crete frequency bins positioned at the predicted locations of
the frequency-modulation sidebands. An example is shown in
the right hand panel of Fig. 1, where the most significant C-
statistic value is located at f = f0, and is the point where all
sidebands included in the sum contain some signal.
From Eq. 37, the expectation value for the C-statistic using
the flat-template can be expressed as
E[C( fk)] = 4M+ρ20
m∑
n=−m
J2n(2pi f0a0)|W˜( fn− fk+ l[n]d f )|2, (44)
where the argument of the window function is the frequency
difference between the location of the nth signal sideband and
the nth template sideband on the discrete frequency grid. Note
that the C-statistic is a sum of M statistically independent
non-central χ24 statistics and hence the result is itself a non-
central χ24M statistic, i.e. with 4M degrees of freedom, where
M = 2ceil[2pi f a] + 1 is the number of sidebands in the ex-
pected modulation pattern. The non-centrality parameter is
equal to the sum of the non-centrality parameters from each
of the summed 2F values. For a flat template with perfectly
matched intrinsic frequency f = f0 and orbital period P′ = P,
infinite precision d f → 0, and where the number of sidebands
included in the analysis matches or exceeds the true number,
the second term in the above equation reduces to ρ20 . In this
case we will have recovered all of the power from the signal
but also significantly increased the contribution from the noise
through the incoherent summation of F -statistic from inde-
pendent frequency bins. In general, where the orbital period
is known well, but not exactly, and the frequency resolution is
finite, the signal power recovery will be reduced by imperfect
sampling of the window function term in Eq. 44, i.e. evalua-
tion at arguments , 0.
In terms of the generic template defined in equation Eq. 38,
the discrete-frequency flat template is approximately equiva-
lent to the weighting scheme Gn = 1. A more sensitive ap-
proach could use
TB( fk) =
m∑
j=−m
J2j (2pi f0 a0)δk l[ j] (45)
for the template, following the expected form of the F -
statistic given in Eq. 37 and using a subscript B to denote
9Bessel function weighting. Although this would increase
sensitivity for closely matched signal templates (constructed
with well constrained signal parameters), this performance is
highly sensitive to the number of sidebands included in the
template and therefore sensitive to the semi-major axis since
M = 2ceil[2pi f a] + 1. This is mainly due to the “double
horned” shape of the expected signal (see the left hand panel
of Fig. 1). A large enough offset between the true and assumed
semi-major axis will significantly change the template’s over-
lap with the sidebands in the F -statistic and reduce the sig-
nificance of the C-statistic. Considering the semi-major axis
is not well constrained for many LMXBs, a search over many
templates would be necessary, each with incrementally differ-
ent semi-major axis values.
The simpler, flat-template (Eq. 41) has the benefit of be-
ing far more robust against the semi-major axis uncertainty.
In this case the semi-major axis parameter controls only the
number of sidebands to use in the template and does not con-
trol the weighting applied to each sideband. It also simplifies
the statistical properties of the C-statistic, making a Bayesian
analysis of the output statistics (as described in Section VI)
far easier to apply.
The receiver operator characteristic (ROC) curves shown in
Fig. 2 compare the performance of the sideband search with
both choices of template (flat and Bessel function weighted)
for the case of signal with optimal SNR ρ0 = 20. As seen from
the figure, the Bessel function weighted template for exact
number of sidebands provides improved sensitivity over the
flat template. However, when considering the possible (and
highly likely) error on the number of sidebands in the tem-
plate, the performance of the Bessel template is already dras-
tically diminished, even with only a 10% error on the semi-
major axis parameter. It is also interesting to note that for
the flat-template the result of an incorrect semi-major axis is
asymmetric with respect to an under or over-estimate. The
sensitivity degradation is far less pronounced when the tem-
plate has over-estimated the semi-major axis and, therefore,
also over-estimated the number of sidebands. This feature is
discussed in more detail in Sec. IV D.
H. Approximate binary demodulation
When a putative source has a highly localized position in
the sky, the effect of the Earth’s motion with respect to the
SSB can be accurately removed from the signal during the cal-
culation of the F -statistic. This leaves only the Doppler mod-
ulation from the binary orbit. It is also possible to demodulate
the binary orbit (Doppler) modulation in the F -statistic calcu-
lation provided the binary orbital parameters (a, P, ta) are well
known. A fully-coherent (sky position- and binary-) demod-
ulated F -statistic search would be very sensitive to any er-
rors in the sky position of binary orbital parameters. It would
therefore be necessary to construct a bank of templates span-
ning the parameter space defined by the uncertainties in these
parameters. Adding dimensions to the parameter space in-
creases computational costs and the search becomes unfea-
sible considering we are already searching over frequency. A
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FIG. 2: ROC curves comparing performance of the flat (blue) and
Bessel function weighted (red) templates, described by Eqs 41 and 45
respectively. The theoretical (fine black) curve is constructed from a
non-central χ24M(λ) distributed statistic with non-centrality parameter
λ = ρ20 = 20 and represents the expected performance of the flat tem-
plate. Dashed and dotted curves represent a template with a positive
and negative 10% error on the semi-major axis respectively. Here
the signal parameters were chosen such that the number of sidebands
were M = 2001 and curves were constructed using 106 realizations
of noise.
fully coherent search of this type would be possible for known
sources with known emission frequencies, for example puls-
ing sources like millisecond pulsars (MSPs).
In this section we show how prior information regarding the
binary orbit of a source can be used to increase the sensitivity
of our semi-coherent approach, without increasing computa-
tional costs. By performing a “best guess” binary phase de-
modulation within the F -statistic, we show that the number
of sidebands in the template is reduced by a factor propor-
tional to the fractional uncertainty in the orbital semi-major
axis. Consequently a reduction in the number of sidebands
increases the sensitivity of the search by reducing the number
of degrees of freedom (see Sec. VI).
Expressing our current best estimate for each parameter θ
as the sum of the true value θ0 and an error ∆θ0, such that
θ = θ0 + ∆θ0, (46)
we can determine the phase offset of the binary orbit from the
error in the binary orbital parameters. The offset in phase is
the difference between the true and best estimate binary phase
and using Eq. 12b can be approximated by
∆φbin ' −2pi f
{
(a0∆ f + f∆a0) sin [Ω0(t − ta)]
+
[
f a0 (∆Ω0 (t − ta) −Ω0∆ta)] cos [Ω0(t − ta)] } + O(∆θ2)
' −2pi f∆a0 κ sin [Ω0(t − ta) + γ] , (47)
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with
κ =
√(
1 +
a0
∆a0
∆ f
f
)2
+
(
a0
∆a0
(∆Ω0(t − ta) −Ω0∆ta)
)2
, (48)
γ = tan−1
[
∆Ω0(t − ta) −Ω0∆ta
(∆a0/a0) − (∆ f / f )
]
+
 0 if
(
∆a0
a0
)
−
(
∆ f
f
)
≥ 0
pi if
(
∆a0
a0
)
−
(
∆ f
f
)
< 0.
(49)
Here we have expanded the binary phase difference to lead-
ing order in the parameter uncertainties and obtained a phase
expression similar in form to the original binary phase. In
the specific regime where the fractional uncertainty in the or-
bital semi-major axis far exceeds the fractional uncertainty in
the intrinsic frequency we see that the first term in Eq. 48 be-
comes ≈ 1. Similarly, if the fractional uncertainty in the or-
bital semi-major axis also far exceeds the deviation in orbital
angular position ∆Ω(t − ta) − Ω∆ta then the second term ≈ 0.
This is generally the case for the known LMXBs (see Table I)
and in this regime κ can be accurately approximated as unity,
yielding
∆φbin ≈ −2pi f∆a0 sin[Ω(t − ta) + γ]. (50)
Hence, after approximate binary demodulation, the argument
of the Bessel function and the summation limits in the ex-
pected form of the F -statistic (in Eq. 37 for example) can
be replaced with ∆z0 = 2pi f∆a0. The number of frequency-
modulated sidebands is now reduced by a factor of ∆a0/a0 <
1. We must stress that ∆a is an unknown quantity and is the
difference between the best estimate value of a and the true
value a0. The F -statistic after such a demodulation process
will therefore have a reduced but unknown number of side-
bands, although it will still retain the standard sideband fre-
quency spacing 1/P. The sideband phasing φn will also be
unknown due to the presence of the phase term γ but is of no
consequence to the search since the F -statistic is insensitive
to phase.
IV. PARAMETER SPACE
In this section we will discuss each of the parameters in-
volved in the search and how the search sensitivity depends
upon the uncertainty in these parameters. Demodulation of
the signal phase due to the Earth’s motion requires accurate
knowledge of the source sky position. If the observation time
is long enough, we need to consider the sky position as a
search parameter, as discussed in Sec. IV A. The gravitational
wave frequency is the primary search parameter. In Sec. IV B
we discuss the limitations on our search strategy due to its
uncertainty. The orbital period and semi-major axis are dis-
cussed in Sections IV C and IV D respectively. The effects of
ignoring the orbital eccentricity are discussed in Sec. IV E.
A. Sky position and proper motion
In order to quantify the allowable uncertainty in sky posi-
tion we will define a simplistic model describing the phase
Ψ(t) received at Earth from a monochromatic source at infin-
ity at sky position (α, δ). If we neglect the detector motion due
to the spin of the Earth and consider only the Earth’s orbital
motion then we have
Ψ(t) = 2pi f0 [t + R⊕ cos δ cos (Ω⊕(t − tref) + α)] , (51)
where f0 is the signal frequency, α and δ are the true right
ascension and declination and R⊕ and Ω⊕ are the distance
of the Earth from the SSB and the Earth’s orbital angular
frequency respectively. We also define a reference time tref
that represents the time at which the detector passes through
the vernal equinox. For an observed sky position (α′, δ′) =
(α+∆α, δ+∆δ) the corresponding phase offset ∆Ψ(t,∆α,∆δ) =
Ψ(t, α′, δ′) − Ψ(t, α, δ) amounts to
∆Ψ ≈ −2pi f0R⊕
[
∆δ sin δ cos (Ω⊕(t − tref) + α)
+∆α cos δ sin (Ω⊕(t − tref) + α)
]
, (52)
where we have expanded the expression to leading order in the
sky position errors. We now make the reasonable assumption
that our analysis would be unable to tolerate a deviation in
phase between the signal and our template of more than O(1)
radian over the course of an observation on the same timescale
of the Earth’s orbit.
If we also notice that the worst case scenario (smallest al-
lowable sky position errors) corresponds to sky positions for
which the trigonometric terms in the previous expression are
largest, i.e. of order unity, then we have
|∆α,∆δ| ≤ (2pi f0R⊕)−1. (53)
If we consider signals of frequency 1kHz, this gives a max-
imum allowable sky position offset of |∆α,∆δ| ' 100 mas.
This expression also validates our model assumption that the
sky position sensitivity to the Earth spin would be dominated
by the effect from the Earth orbit for long observation times.
A similar argument can be made for the proper motion of
the source where we would be safe to model the sky position
as fixed if the change (∆α,∆δ) = (µα, µδ)Ts, over the course
of the observation also satisfied Eq. 53.
B. Spin frequency
The spin frequency νs of some LMXBs can be directly mea-
sured from X-ray pulsations, believed to originate from a hot-
spot on the stellar surface, where accreted material is funneled
onto the magnetic pole with the magnetic axis generally mis-
aligned with the spin axis. X-ray pulsations have been ob-
served in 13 LMXB systems so far, three of which are inter-
mittent [66].
Some LMXBs exhibit recurrent thermonuclear X-ray
bursts. Fourier spectra reveal oscillations during the rise and
tail of many bursts, which are believed to originate from asym-
metric brightness patterns on the stellar surface. In seven
LMXBs which exhibit both pulsations and bursts, the asymp-
totic burst oscillation frequency at late times matches the pulse
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frequency. Where there are no pulsations, many bursts need
to be observed to measure the asymptotic burst oscillation re-
liably. The spin frequency of an additional ten systems has
been determined from burst oscillations only [67], but due to
the uncertainties involved, are usually quoted to within uncer-
tainties of ±(5 − 10) Hz.
Another class of LMXBs exhibit high frequency quasi-
periodic oscillationss (QPOs) in their persistent X-ray emis-
sion. These kHz QPOs usually come in pairs, although sin-
gles and triples are occasionally observed and the QPO peak
frequencies usually change over time. In some cases the sep-
aration of the QPO peaks is roughly constant, but this is not
always the case [68–70]. For the few QPO systems where
νs can be determined from pulses or burst oscillations there
has been no evidence suggesting consistency with an existing
QPO model that links the QPO and spin frequencies. For our
purposes, νs is considered unknown in sources without pulsa-
tions or confirmed bursts.
In addition to potentially broad uncertainties in νs, we know
little about how its value may fluctuate over time due to accre-
tion. Changes in the accretion flow will exert a time varying
torque on the star which will result in a stochastic wandering
of the spin frequency. In this case the signal can no longer
be assumed monochromatic over a given observation time. To
quantify the resulting phase wandering, we assume that the
fluctuating component of the torque δNa flips sign randomly
on the timescale τs consistent with the inferred variation in
accretion rate. If the mean torque Na = M˙(GMR)1/2 due
to steady-state disk-fed accretion, then the angular spin fre-
quency Ωs = 2piνs experiences a random walk with step size
(δNa/I)τs, where I is the stellar moment of inertia. After time
Ts, the root-mean-square drift is
〈(δΩ)2〉1/2 = (Ts/τs)1/2 δNaτsI . (54)
This frequency drift will wander outside a Fourier frequency
bin width if 〈(δΩ)2〉1/2 > 2pi/Ts. If we choose τs such that the
accretion rate can vary up to a factor of two in this time, then
the worst case δNa = Na leads to the restriction
T spins <
(2pi)2/3
(GMR)1/3
( I
M˙
)2/3 ( 1
τs
)1/3
. (55)
This is the primary reason why an application of the the ba-
sic sideband search, as described here, must be limited in the
length of data it is allowed to analyse. By exceeding this limit
it becomes increasingly likely that the spin wandering inher-
ent to a true signal will cause signal power to leak between
adjacent frequency bins. Consequently the assumption that
F -statistic signal power is localized in frequency-modulated
sidebands will become invalid and the sensitivity of the C-
statistic will deteriorate.
C. Orbital Period
The sideband search relies on relatively precise
electromagnetic (EM) measurements of the orbital pe-
riod in order to construct a search template. The duration
of the orbit defines the minimum observation time, since
T & 3P/2 is required before sidebands become clearly
resolved in the spectrum [60]. The uncertainty in the orbital
period will determine the number of templates required to
fully sample the search space, or equivalently, the maximum
observation time allowed for a single value of P.
We will now provide an indication of the sensitivity of the
search to errors in the orbital period. If our estimate (obser-
vation) of the orbital period P is offset from the true value P0
by an amount ∆P, we would expect the error to seriously af-
fect the C-statistic recovered from the search once it is large
enough to shift the outermost “tooth” in the sideband tem-
plate by one canonical frequency bin away from the true side-
band location. In this case, the offset between the template
and true sideband frequency is proportional to the number of
sidebands from the central spike. There will be low mismatch
at the center of the template extending to O(100%) mismatch
at the edges. It follows that the average signal power recov-
ered from such a mismatched template will be O(50%) and
therefore serves as a useful threshold by which to determine
the maximum allowed ∆P.
If we use the measured value of P as our template param-
eter, the template centered at frequency f then consists of
' 4pi f a unit spikes (or teeth) separated by 1/P. Assuming
that the central spike is exactly equal to the true intrinsic grav-
itational wave frequency, any errors in the orbital period will
be propagated along the comb, causing the offset between the
true and template frequency of any particular sideband to grow
progressively larger. The frequency difference ∆ fP between
the outermost template sideband, at frequency f + 2pi f a/P′,
and the outermost signal sideband at f + 2pi f a/P, is given by
∆ fP ≈ 2pi f a
( |∆P|
P2
)
, (56)
for ∆P  P. To satisfy the condition described above we
now require that this frequency shift should be less than the
size of one frequency bin. The true frequency bin size d f is
determined by the observation time span and is given by
d f =
1
rTs
, (57)
where r is the resolution used in the F -statistic calculation.2
Using Eqs. 56 and 57 and imposing the condition that ∆ fP <
d f provides an estimate for the maximum allowable (orbital
period limited) coherent observation timespan,
T Ps ≈
P2
2pi f a|∆P| . (58)
Given a relatively poorly constrained orbital period uncer-
tainty, this restriction may provide too short a duration. This
could be because it is then in conflict with the requirement
that T > 3P/2 or simply because more SNR is desired from
2 The default resolution factor is r = 2
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the signal. In either case, the orbital period space must then
be divided into templates with spacing δP derived from sim-
ply rearranging Eq. 58 to solve for ∆P. In relative terms the
sideband search places very strong constraints on the prior
knowledge of the orbital period compared to the other search
parameters.
D. Semi-major axis
An error in the value of the orbital semi-major axis results
in an incorrect choice for the number of sidebands in the tem-
plate. As can be seen in Eq. 44, an underestimate results in
the summation of a fraction of the total power in the signal
whereas an overestimate results in a dilution of the total power
by summing additional noise from sideband frequencies con-
taining no signal contribution.
If we define the true semi-major axis parameter a0 as the
measured value a and some (unknown) fraction ξ (where
ξ ∈ R) of the measurement error ∆a (i.e. a0 = a + ξ∆a),
we can investigate the effects of errors on the semi-major axis
parameter in terms of this offset parameter ξ. We consider
the advantage of using a deliberately offset value a′ instead of
the observed value a in order to minimize losses in recovered
SNR.
The ROC curves shown in Fig. 3 show the effects of these
offsets, and clearly illustrate degradation in the performance
of the C-statistic as |∆a| (|ξ|) increases. The reduction in de-
tection confidence at a given false alarm probability is much
faster for a′ < a0 (ξ < 0), when the template underestimates
the width of the sideband structure, than for a′ > a0 (ξ > 0).
This is natural considering the “horned” shape of the signal
(see the left hand panel of Fig. 1 and Sec. III G). Although
it is already clear from this figure that the performance of
the search is not symmetric about a′ = a0, this asymmetry is
much better illustrated in Fig. 4 where for different values of
the false alarm rate we show the detection probability plotted
against the offset parameter ξ.
This plot provides us with a rough scheme by which to im-
prove the search performance by exploiting the asymmetry in
search sensitivity with respect to ξ. In general, we are keen
to probe the low false alarm and high detection probability
regime in which it is clear that using a template based on an
orbital semi-major axis value > the best estimate reduces the
possibility that the bulk of the signal power (in the horns) will
be missed. Based on Fig. 4 we choose
a′ = a + ∆a (59)
as our choice of semi-major axis with which to generate the
search template.
E. Orbital eccentricity
The orbital eccentricity e of the LMXB sources is expected
to be highly circularized (e < 10−3) by the time mass transfer
occurs within the system. In Eq. 10 we give the first-order
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FIG. 3: ROC curves showing how the performance of the flat tem-
plate C-statistic is affected by an offset in the orbital semi-major axis
assuming it is measured exactly (i.e. a = a0). The thick black curve
represents a zero offset (ξ = 0). Thick colored curves represent
a positive offset in the semi-major axis (ξ > 0). Dashed colored
curves represent negative offsets (ξ < 0). The fainter black curve
is constructed from a statistic governed by a non-central χ24M(λ) dis-
tribution with a non-centrality parameter λ = ρ20 and represents the
theoretical expected behavior of a perfectly matched template. Sig-
nal parameters are the same as described in Fig. 2, with ρ0 = 20,
M = 2001 and using 106 realizations of noise.
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semi-major axis at given false alarm probability Fa. The offset pa-
rameter ξ quantifies the semi-major axis error in terms of known pa-
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parameters are the same as Figs. 2 and 3, with ρ0 = 20, M = 2001
and a ∆a/a = 10% fractional uncertainty on the semi-major axis,
using 106 realizations of noise.
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correction (proportional to e) of the retarded time at the SSB.
If we include higher order terms in the expansion, the phase
(Eq. 11) can be written as
Φ(t) ' 2pi f0a0
 ∞∑
k=1
ck sinω cos
[
kΩ
(
t − tp)]
+dk cosω sin
[
kΩ
(
t − tp)] }, (60)
where the first 4 coefficients (expanded to O(e4)) in the sum
are given by
c1 = 1 − 38e
2 +
5
192
e4 + O(e6) (61a)
d1 = 1 − 58e
2 − 11
192
e4 + O(e6) (61b)
c2 =
1
2
e − 1
3
e3 + O(e5) (61c)
d2 =
1
2
e − 5
12
e3 + O(e5). (61d)
Hence the phase for e , 0 is a sum of harmonics of the or-
bital frequency. When including additional eccentric phase
components in this way, the sum inside the exponential can
be expressed as a product of sums such that the Jacobi-Anger
expansion (Eq. 33) can be modified such that
exp
i∑
k
zk sin kθ
 = ∞∏
k=1
∞∑
n=−∞
Jn(zk)einkθ, (62)
where zk corresponds to the kth amplitude term (on the left
hand side) that defines the argument of the Bessel function for
each k in the product (on the right hand side). Equation 62 tells
us that eccentric signals can be thought of in a similar way
to circular orbit cases. The signal can be modeled as being
composed of many harmonics all separated by some integer
number of the inverse of the orbital period. In the eccentric
case k is allowed to be > 1 and power can be spread over
a far greater range of harmonics. What is important to note
however, is that the signal power remains restricted to those
discrete harmonics.
If we consider only leading order terms in the eccentricity
expansion (as in Eq. 10) the form of the Jacobi-Anger expres-
sion given above becomes the product of 2 sums where we
consider only k = 1, 2. The k = 1 terms are simply the circu-
lar orbit terms and describe how the signal power is distributed
amongst ≈ 2z1 sidebands at frequencies offset from the intrin-
sic source frequency by integer multiples of θ.
In our low eccentricity case we notice that the next to lead-
ing order term in the expansion, k = 2, has a corresponding
Bessel function argument of O(z1e) and will therefore have
far fewer, ∼ 2z1e, non-negligible terms in sum over n. Taking
the product between the k = 1 and k = 2 sums will then pro-
duce a redistribution of the signal power amongst a slightly
expanded range of harmonic frequencies. For the circular or-
bit case we expect power to be spread amongst ≈ 2z1 side-
bands whereas we now expect the same power to be divided
amongst ≈ 2z1(1 + 2e) sidebands.
In general, orbital eccentricity causes a redistribution of sig-
nal power amongst the existing circular orbit sidebands and
will cause negligible leakage of signal power into additional
sidebands at the boundaries of the sideband structure. Orbital
eccentricity also has the effect of modifying the phase of each
sideband. However, as shown in Section III E, the standard
sideband search is insensitive to the phase of individual side-
bands.
V. PRIMARY SOURCES
The benefit of the sideband search is that it is robust
and computationally cheap enough to be run over a wide
frequency band [59]. The most suitable targets are those
with well-measured sky position and orbital periods, reason-
ably well constrained semi-major axes, and poorly or uncon-
strained spin frequency.
The most suitable candidates in terms of these criteria are
LMXBs due to their high accretion rate (directly related to
gravitational wave amplitude) and their visibility in the elec-
tromagnetic regime (predominantly X-ray, but optical and ra-
dio observations also provide accurate sky position, ephemeris
and sometimes orbital information). They are classified into
three main types depending on the behavior of their X-ray
emissions: pulsing, bursting or QPO sources. Pulsating
and frequently bursting LMXBs usually have a well deter-
mined spin frequency and are better suited to the more sen-
sitive, narrow-band techniques, such as LIGO’s known pul-
sar pipeline [43, 44] including corrections for the binary mo-
tion. Non-pulsing burst sources with irregular or infrequent
bursts still have a fairly wide (O a few Hz) range around the
suspected spin frequency. A convincing relationship between
QPOs and the spin frequency of the neutron star has not yet
been determined, so the spin frequency of purely QPO sources
is considered unknown for our applications.
The gravitational wave strain amplitude is directly pro-
portional to the square root of the x-ray flux h0 ∝ F1/2X
(Eq. 7), so the most luminous sources, which are usually the
quasi-periodic oscillation (QPO) sources, will be the most de-
tectable. In addition, the (already weak) gravitational wave
strain amplitude is proportional to the inverse of the distance
to the source, so closer (i.e. galactic) sources are also favor-
able.
In this section we present possible sources to which the
sideband search can be applied. We start with galactic
LMXBs and consider the most detectable sources in terms of
their parameter constraints. We exclusively consider sources
requiring wide frequency search bands (& 5 Hz), and so ne-
glect the accreting millisecond pulsars. The detectability of a
wider range of accreting sources, with some measurement or
estimate of spin frequency, in terms of general gravitational
wave searches was reviewed in [28].
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TABLE I: Target sources for the sideband method. The different columns list the X-ray flux FX (in units of 10−8 erg cm−2s−1), distance d, sky
position uncertainty ∆β, fractional error on the semi-major axis ∆a/a and orbital period ∆P/P, and the orbital period limited observation time
at a frequency of 1 kHz T Ps |1 kHz. The horizontal line separates QPO (top) and burst (bottom) sources.
Source FX (F∗) a d (kpc) ∆β (arc sec) ∆a/a (∆P/P)(×10−7) T Ps |1 kHz
Sco X-1 40 2.8 3 × 10−4 0.13 9 50 days
4U 1820-30 2.1 7.4 0.15 0.48 2 300 days
Cyg X-2 1.1 10.55 0.5 0.12 0.004 400 years
J 2123-058 0.21 9.6 0.6 0.19 0.9 3.5 years
4U 1636-536 0.84 6 < 60 0.11 10 17 days
X 1658-298 0.67 12 0.1 0.82 0.1 5 years
XB 1254-690 0.09 13 0.6 0.12 500 6 hours
EXO 0748-676 0.036 7.4 0.7 0.77 6 40 days
4U 1916-053 0.027 8 0.6 0.72 3 2 years
aF∗ = 10−8 erg cm−2s−1
A. Galactic LMXBs
The sideband search is best suited to LMXBs with a rela-
tively large uncertainty in the spin frequency (& a few Hz),
so QPO and poorly constrained burst sources are the best tar-
gets. The requirement of a relatively well defined sky position
and orbital period excludes many sources including those that
are considered to be X-ray bright. Table I lists some of the
galactic LMXBs, and their limiting parameters, for which the
sideband search is most applicable. The parameters displayed
in the table allow us to determine the most suitable targets for
the search.
For each source the table lists the bolometric X-ray flux
FX, the distance to the source d, the error in the sky posi-
tion ∆β = (∆α,∆δ), the fractional error in the semi-major axis
∆a/a and the orbital period limited observation time T Ps |1 kHz
calculated using Eq. 58 at a frequency of 1 kHz. Although
we could expect gravitational wave emission up to ∼ 1500Hz
(from the currently measured spin distributions of LMXBs
maxing out at ∼ 720Hz), 1 kHz is chosen as an upper bound
on the search frequency since the sensitivity of LIGO detec-
tors is limited at high frequencies and the amplitudes of these
systems are not expected to be very strong. Sources with
poorly constrained (∆a/a > 0.9) semi-major axis and sky
position (∆β > 60′′) have not been included. The sources
are listed in order of their bolometric X-ray flux within each
source group with QPO sources in the top and burst sources
in the bottom half of the table. The distance is included as a
reference but is already taken into account in calculation of
FX. From these factors alone, Sco X-1 is already the leading
candidate source. The sky position error ∆β should be less
than 100 mas for a source with f0 = 1 kHz (see Sec. IV A).
Sco X-1 is the only candidate that falls easily within this basic
limit, although a few other sources are borderline cases. The
fractional error in semi-major axis is included also as a guide.
Although a smaller error on this parameter improves our sen-
sitivity, as shown in Sec. IV D we are relatively insensitive to a
uncertainties on the scale of 10’s of percent. The final column
lists the orbital period limited observation timespan T Ps at a
frequency of 1 kHz. Although the spin frequencies of the burst
sources are better constrained than QPO sources, the compar-
ison of T Ps is still made at 1 kHz so that a direct comparison
on the source parameters (rather than search performance) can
be made. This column is included for reference as the orbital
period may not be the tightest constraint on the observation
time (c.f. Sec. IV B). It does, however, give an indication of
how well the orbital period of the source is constrained and
specifically how it affects the search performance.
B. Sco X-1
Sco X-1, the first LMXB to be discovered, is also the
brightest extra-solar x-ray source in the sky. The direct rela-
tion between gravitational wave strain and x-ray flux given by
Eq. 7 makes it also the most likely to be a strong gravitational
wave emitter. This, as well as the parameter constraints dis-
played in Table I, makes it an ideal candidate for the sideband
search. Table II provides a list of Sco X-1 parameters deter-
mined from various electromagnetic observations. The table
includes the parameters required to run the sideband search
together with some values used for calculating limits and con-
straints on the performance and sensitivity of the search. The
bottom section of the table lists some of the limits and con-
straints derived using the above mentioned parameters.
Running the standard version of the sideband search re-
quires accurate knowledge of the sky position and orbital pe-
riod and approximate knowledge of the semi-major axis. The
sky position β = (α, δ) listed for Sco X-1 is accurate to within
0.3 mas. This error is well within the 100 mas limit defined
in Sec. IV A, justifying the assumption of a fixed sky position.
The accuracy of measurements of the orbital period require
only a single sideband template if the observation timespan
is within Ts < T obss ≈ 49 days (for Sco X-1 at 1 kHz). The
semi-major axis and its measurement error are also required
for construction of the sideband template.
Estimates of the primary (accreting neutron star) and sec-
ondary (donor star) masses, as well measurements of the bolo-
metric X-ray flux (FX) are required to estimate the indirect,
torque balance, gravitational wave strain upper limit hEQ0 using
Eq. 7, displayed in the bottom section of the table. The spin
frequency limited observation timespan is also listed here and
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TABLE II: Sco X-1 system parameters required for the sideband search. Directly observable parameters are presented in the top half of the
table. The bottom half, separated by the horizontal line, displays search limits and constraints derived from these.
Parameter Symbol Value Units Uncertainty References
Right Ascension α 16h19m55s.0850 mas ±0.3 [71]
Declination δ −15◦38′24.9” mas ±0.3 [71]
Proper motion µ 14.1 mas yr−1 [71]
Parallax piβ 0.36 mas ±0.04 [71]
Moment of inertia I 1038 kg m2 [71]
Accretion rate M˙ 1.23 × 1015 kg s−1 [71]
Bolometric X-ray flux FX 40 × 10−8 erg cm−2s−1 [28]
Projected semi-major axis light travel time a 1.44 s ±0.18 [72]
Orbital Period P 68023.82 s ±0.06048 [73]
NS spin inclination angle ι 44 deg ±6 [74]
GW polarization angle ψ 234 deg ±3 [74]
Time of periapse passage (SSB) tp 614638484 s ± 400 [72, 75]
Strain amplitude (at νs = 300 Hz) h3000 3.5 × 10−26 Eq. 7
Spin limited observation timespan T spins 13 days Eq. 55
requires values for the accretion rate M˙ and moment of inertia
I to calculate this value for Sco X-1 using Eq. 55 assuming
a spin-wandering timescale τs = 1 day.3 The corresponding
value of T spins ≈ 13 days displayed in the table is more restric-
tive than the orbital period limited timespan and is our limiting
time constraint in the search.
VI. STATISTICAL ANALYSIS
Let us first assume that our analysis has yielded no signif-
icant candidate signal given a designated significance thresh-
old. In this case, with no evidence for detection, we place
an upper limit on the possible strength of an underlying sig-
nal. In the literature on continuous-wave gravitational sig-
nals, it is common to determine these upper limits numeri-
cally [53, 78, 79] or semi-analytically [46, 80] using frequen-
tist Monte Carlo methods. In these cases simulated signals
are repeatedly added to data over a range of frequencies and
recovered using a localized, computationally cheap, search
around the point of injection.
The sideband algorithm combines signal from many (typi-
cally ∼ 103) correlated F -statistic frequency bins which must
be computed over a relatively wide frequency band for each
simulated signal. Such computations represent a computa-
tional cost far in excess of existing methods and are only man-
ageable for a small parameter space, e.g. injection studies
where the signal frequency is known and O(102) realizations
are feasible. The computations become daunting for a wide-
band search covering more than a few Hz.
We choose to optimize the process by calculating upper
3 Assuming the instantaneous accretion rate does not vary more than the
x-ray flux, observations of the x-ray variability of Sco X-1 show that the
accretion rate can vary by roughly a factor of two over a timescale τs = 1
day. [76, 77]
limits within a Bayesian framework. This is an especially
appealing alternative since the probability density function
(PDF) of the C-statistic takes a relatively simple, closed, ana-
lytic form. Bayesian upper limits have been computed in time-
domain gravitational wave searches targeting known sources
(pulsars) [43, 45, 81], and cross-correlation searches for the
stochastic background [55, 56, 82]. Comparisons on specific
data sets have shown that Bayesian and frequentist upper lim-
its are consistent [42, 45, 83].
A. Bayes Theorem
In the Bayesian framework, the posterior probability den-
sity of the hypothesis H given the data D and our background
information I is defined as
p(θ|D,H, I) = p(θ|H, I) p(D|θ,H, I)
p(D|H, I) , (63)
where p(θ|H, I) denotes the prior probability distribution of
our model parameters θ given a model H assuming the back-
ground information I. The quantity p(D|θ,H, I) is the direct
probability density (or likelihood function) of the data given
the parameters, model and background information. The term
p(D|H, I) is known as the evidence of D given our model and
acts as a normalisation constant and does not affect the shape
of the posterior distribution p(θ|D,H, I) [84]. The background
information I (which represents our signal model, assump-
tions on Gaussian noise, physicality of parameters etc.) re-
mains constant throughout our analysis and will not be men-
tioned hereafter.
B. Likelihood
When there is no signal in the data, we will say the null hy-
pothesis Hn, that the data contains any Gaussian noise, is true.
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Under these conditions, each C value is drawn from a central
χ24M distribution. Hence the Hn model is parametrized entirely
by M = 2m + 1, the number of sidebands in the template,
where m = ceil[2pi f a] and depends on the search frequency
f and semi-major axis a.
The signal hypothesis HGW is true if the data contains Gaus-
sian noise plus a signal. The signal is defined by the set of
parameters θ = {h0, cos ι, ψ, φ0, a, P}. In the case of a sig-
nal present in the data, each C-statistic is drawn from a non-
central χ24M[λ(θ)] distribution. The non-centrality parameter
λ(θ) is defined by the signal parameters θ and is given by
λ(θ) = ρ20
m∑
n=−m
J2n(2pi f0a0)|W˜( fn − fk + l(n)∆ f )|2. (64)
It represents the total recovered optimal SNR contained within
the sidebands. The likelihood function (the probability of our
measured C value given a parameter set θ) is then given by
p(C|θ) = 1
2
exp
(
−1
2
[C + λ (θ)]
) ( C
λ (θ)
)M− 12
I2M−1
(√Cλ (θ)).
(65)
It should be noted that although the quantity M is a function
of the semi-major axis and intrinsic gravitational wave fre-
quency, it has been fixed according to the predefined number
of teeth used in the sideband template. It is therefore not a
function of θ.
C. Priors
When searching for weak signals, an overly prescriptive
prior is undesirable because it may dominate the posterior.
Hence, to be conservative, we adopt a uniform prior on h0 ≥ 0;
the possibility of h0 = 0 excludes the use of a fully scale-
invariant Jeffreys prior ∝ 1/h0 [81]. The upper limit thus de-
rived is consistent with the data, not just a re-iteration of the
prior. The same h0 prior has been adopted in previous searches
[42, 53, 78, 85]; the motivation is discussed in more detail in
[81].
Electromagnetic measurements of the orbital period P and
semi-major axis a are assumed to carry normally distributed
random errors. Hence we adopt Gaussian priors on the actual
values P0 and a0. Specifically we take p(P0) = N(P,∆P) and
p(a0) = N(a,∆a), where N(µ, σ) denotes a Gaussian (nor-
mal) distribution with mean µ given by the electromagnetic
observation and standard deviation σ taken as the error in that
observation.
The reference phase φ0 is automatically maximized over
within the F stage of the analysis and therefore does not di-
rectly affect our (semi-coherent) analysis. The remaining am-
plitude parameters serve only to influence the optimal SNR,
and therefore also the C. Without prior information from
electromagnetic observations, we select the least informa-
tive (ignorant) physical priors such that p(cos ι) = 1/2 and
p(ψ) = 1/2pi on the domains (−1, 1) and (0, 2pi) respectively.
Any prior informative measurements (e.g. electromagnetic)
on the amplitude parameters can be incorporated into the anal-
ysis, and serve to narrow the prior probability distributions.
For the Sco X-1 search, we can deduce measurements for cos ι
and ψ from observations if we assume the rotation axes of the
neutron star and accretion disk are aligned. This implies the
neutron star inclination ι is equal to the orbital inclination.
We can then set ι = 44◦±6◦ from the inclination of the orbital
plane suggested from observations of the radio components of
Sco X-1 [74]. The same observations measure a position angle
of these radio jets of 54 ± 3◦. Under the alignment assump-
tion, the position angle is directly related to the gravitational
wave polarization angle ψ, but with a phase shift of 180◦, i.e.
ψ = 234 ± 3◦. The above assumes the usual mass-quadrupole
emission; for current-quadrupole emission from r-modes the
results are the same with ψ→ ψ + 45◦ [63].
D. Posteriors
The probability density function (PDF) on our search pa-
rameters given a single C-statistic value is
p(θ|C) ∝ p(C|θ)p(θ), (66)
and assuming that the prior PDFs on our parameters are inde-
pendent, we can express the posterior PDF as
p(h0, cos ι, ψ, P, a|C) ∝ p(C|θ)p(h0)p(cos ι)p(ψ)p(P)p(a).
(67)
To perform inference on the gravitational wave strain h0, we
can marginalize this joint distribution over the other parame-
ters leaving us with
p(h0|C) ∝
∞∫
−∞
da
∞∫
∞
dP
2pi∫
0
dψ
1∫
−1
d cos ι p(C|θ)N(P,∆P)N(a,∆a),
(68)
where the flat priors on h0, cos ι and ψ are absorbed into
the proportionality. Note that the amplitude parameters act
through the non-centrality parameter λ(θ) (Eq. 64) via the op-
timal SNR term (Eq. 22), in the likelihood. The orbital param-
eters a, P dictate the fraction of recovered SNR based on the
mismatch in the predicted quantity and location of frequency-
modulated sidebands (Eq. 64).
E. Detection criteria and upper limits
To determine whether or not a signal is present in the data,
we compute a threshold value of the C-statistic such that the
probability of achieving such a value or greater due to noise
alone is Pa, the false alarm probability. For a single measure-
ment of the C-statistic this threshold is computed via
Pa =
∞∫
C∗
p(C|h0 = 0)
= 1 − P (2M,C∗/2) , (69)
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where the likelihood on C in the noise only case becomes
a central χ2 distribution and P(k/2, x/2) is the regularized
Gamma function with k degrees of freedom (the cumulative
distribution function of a central χ2k distribution) defined at x.
In the case of N measurements of the C-statistic, assuming
statistically independent trials, the false alarm probability is
given by
Pa|N = 1 − (1 − Pa)N
= 1 − [P (2M,C∗/2)]N . (70)
The corresponding threshold C∗N such that the probability that
one or more of these values exceeds that threshold is obtained
by solving
P(2M,C∗N/2) =
(
1 − Pa|N)1/N . (71)
This solution is obtained numerically but can be represented
notationally by
C∗N = 2P−1
(
2M,
[
1 − Pa|N]1/N) , (72)
where P−1 represents the inverse function of P.
In practice the C-statistic values will not be statistically in-
dependent as assumed above. The level of independence be-
tween adjacent frequency bins will be reduced (i.e. values
will be become increasingly correlated) as the frequency res-
olution of the C-statistic is made finer. Additionally, due to the
comb structure of the signal and template we find that results
at frequencies separated by an integer number of frequency-
modulated sideband spacings j/P Hz for j < m are highly cor-
related. This is due to the fact that these results will have been
constructed from sums of F -statistic values containing many
common values. This latter effect is dominant over the former
and as an approximation it can be assumed that within the
frequency span of a single comb template there are rT/P in-
dependent C-statistic results.4 The number of templates spans
per unit search frequency is ∼ P/rM which leaves us with
∼ T/M independent C-statistic values per unit Hz. This is a
reduction by a factor of M in the number of statistically inde-
pendent results expected.
In the event of there being no candidate C-statistic values,
the search allows us to compute upper-limits on the amplitude
of gravitational waves from our target source. We define the
upper limit on the wave strain h0 as the value hUL that bounds
the fraction UL of the area of the marginalized posterior distri-
bution p(h0|C). This value is obtained numerically by solving
UL =
hUL∫
0
p(h0|C) dh0. (73)
We note that this procedure allows us to compute an upper-
limit for each C-statistic value output from a search. The stan-
dard practice in continuous gravitational wave data analysis
4 This comes from the number of bins in between each sideband, given by
the sideband separation 1/P divided by the bin size d f = (rTs)−1 (Eq. 57).
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FIG. 5: Sensitivity estimate for a 10 day standard, approximate
demodulated and approximate demodulated with known priors side-
band search (fine, medium and bold solid curves respectively) using
LIGO (H1L1) S5 data (upper, purple group), and using the 3-detector
(H1L1V) advanced LIGO configuration (lower, red group). Also
shown are results from the the previous coherent search for Sco X-1
in S2 data (solid black dashes) [53] and the maximum upper limits
for each Hz band of the directed stochastic (radiometer) search in S4
and S5 data (light and dark blue dashed curves, respectively) [55, 56].
The theoretical torque-balance gravitational wave strain upper limit
(hEQ0 from Eq. 7) for Sco X-1 is indicated by the thick gray straight
line.
is to perform a frequentist upper-limit using computationally
expensive Monte-Carlo simulations involving repeated sig-
nal injections. The results of these injections are then com-
pared to loudest detection statistic recovered from the actual
search [53]. In our approach, by virtue of the fact that we
are able to compute upper-limits very efficiently for each C-
statistic value and the upper-limit value is a monotonic func-
tion of C we naturally also include the worst case (loudest
event) result. The difference in the upper-limits obtained from
both strategies then becomes an issue of Bayesian versus Fre-
quentist interpretation. However, as shown in [83], in the limit
of large SNR these upper-limit results become indistinguish-
able. When searching wide parameter spaces with large num-
bers of templates, as is the case for the sideband search, the
most likely largest detection statistic value will be consistent
with large SNR.
VII. SENSITIVITY
The sensitivity of a future search can be predicted in a va-
riety of ways. We choose to estimate the expected gravita-
tional wave strain upper-limits for Initial LIGO data in order
to compare against previous results. We also compare this to
the expected sensitivity of the search with Advanced LIGO.
If the search is conducted such that the frequency space is
split into small sub-bands, the sensitivity can be estimated by
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computing upper limits on the expected maximum from each
of the sub-bands in Gaussian noise. This is equivalent to as-
signing a false alarm probability Pa = 50% for N = Ts/M tri-
als for each, say one Hz frequency sub-band, and using Eq. 72
as the expected C-statistic. We can then calculate the posterior
distribution of h0 from Eqs. 65 and Eq 68.
Figure 5 shows the sensitivity estimate of the 90% upper
limit (UL=0.9) for the sideband search in different modes:
standard (described in Section III, represented by the thin
solid curves), binary demodulated (described in Section III H,
represented by the medium solid curves), and binary demod-
ulated with known priors on cos ι and ψ (described in Section
VI C, represented by the bold solid curves). It compares the
sensitivity of the search in two-detector (H1L1) LIGO S5 data
(upper, purple group) and three-detector (H1L1V) Advanced
LIGO data (red group) with previous searches for Sco X-1
in LIGO S2 (black dashes) [53], S4 and S5 data (light and
dark blue dashed curves, respectively) [55, 56]. The hrms up-
per limit quoted in the latter two (radiometer) searches is op-
timized for the special case of a circularly polarized signal
and hence less conservative than the angle averaged h0 quoted
in [53] and commonly used when quoting upper limits for
continuous gravitational wave searches. Converting detector-
strain rms upper limits hrms to source-strain amplitude upper
limit h0 requires h0 ∼ 2.43hrms (see [86]). The different con-
fidence on the coherent S2 analysis and S4 ans S5 radiometer
analyses (90 and 95% respectively) also complexify any di-
rect comparisons. The theoretical indirect wave strain limit
hEQ0 for gravitational waves from LMXBs represented by the
thick gray line comes from Eq. 7.
The sensitivity curves in Fig. 5 show that the standard side-
band search should improve current upper limits on gravita-
tional waves from Sco X-1, even though it is limited to only
10 days of consecutive data. Running a demodulated search
with known cos ι and ψ comes close to setting constraints on
the indirect (torque-balance) upper limits in the advanced de-
tector era.
VIII. DISCUSSION
We have described the sideband algorithm and shown that
it provides a computationally efficient method to search for
gravitational waves from sources in binary systems. It re-
quires accurate knowledge of the sky position of the source
and the orbital period of the binary, and less accurate knowl-
edge on the semi-major axis. Effects of spin wandering can be
ignored over a short enough coherent integration time.
The tolerance on the errors of relevant search parameters
was computed, defining the range over which they can be as-
sumed constant (Section IV). In light of these limits, electro-
magnetic observations suggest several candidates (Section V).
Of these sources, Sco X-1 is identified as the strongest candi-
date based on the gravitational wave strain recovered from the
torque-balance argument (Eq. 7). In future, the search can
also be directed at several other of the suitable LMXB candi-
dates presented in Section V.
A Bayesian upper limit strategy was presented in Section
VI, rather than the frequentist methods commonly employed
in frequency-based (LIGO) searches. Knowing the likelihood
function in closed analytic form makes the Bayesian approach
computationally more feasible than Monte Carlo simulations
(see VI B). Knowing the gravitational wave polarization angle
and inclination leads to additional sensitivity improvements
using this framework (see VI C).
The sensitivity of the search, described in Section VII, is
estimated by performing the Bayesian analysis on the design
curves of the S5 and Advanced LIGO noise floors. The sensi-
tivity of a 10 day limited Sco X-1 directed sideband search
compared to previous LIGO searches is shown in Fig. 5.
It shows that measurements of an orbital reference time and
phase (the time and argument of periapse) can be employed
to improve search sensitivity by a factor of 1.5 in the ap-
proximate demodulated version of the search. Also, prior in-
formation on the polarization and inclination of the gravita-
tional wave signal constrains the upper limit calculation im-
proving the sensitivity by another factor of 1.5. In its most
sensitive configuration (approximated binary demodulated as-
suming known cos ι and ψ in the Advanced detector era), the
sideband search brings us closer to testing the theoretical in-
direct torque-balance limit.
The studies presented here assume pure Gaussian noise.
The performance for realistic LIGO-like noise will be pre-
sented elsewhere, in a report on the results from the Sco X-1
directed search performed on LIGO (S5) data. The search
could also look forward to running on the next-generation Ad-
vanced LIGO data.
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